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Àííîòàöèÿ
Ñ èñïîëüçîâàíèåì ìåòîäà ñðàùèâàíèÿ àñèìïòîòè÷åñêèõ ðàçëîæåíèé ïðîáëåìà êàïèë-
ëÿðíîãî ïîäúåìà íà ôèãóðíîì âîëîêíå ñâåäåíà ê íåëèíåéíîé ïðîáëåìå îïðåäåëåíèÿ ìè-
íèìàëüíîé ïîâåðõíîñòè ñî ñïåöèôè÷åñêèìè ãðàíè÷íûìè óñëîâèÿìè íà ïðîôèëå âîëîêíà
è â áåñêîíå÷íîñòè. Ïðåäëîæåííàÿ ôîðìóëèðîâêà ïîçâîëÿåò èíòåðïðåòèðîâàòü ïðîáëåìó
íàõîæäåíèÿ ôîðìû âíåøíåãî ìåíèñêà, êàê çàäà÷ó ôèëüòðàöèè àíîìàëüíî âÿçêîé æèä-
êîñòè, è ýôôåêòèâíî èñïîëüçîâàòü ïðåîáðàçîâàíèå ×àïëûãèíà ê ïåðåìåííûì ãîäîãðàôà
ñêîðîñòè. Â êà÷åñòâå ïðèìåðà ïðèâåäåíî òî÷íîå ðåøåíèå â àñèìïòîòè÷åñêîé ïîñòàíîâêå
çàäà÷è êàïèëëÿðíîãî ïîäúåìà íà âîëîêíå ñ îâàëüíûì ïðîôèëåì ïîïåðå÷íîãî ñå÷åíèÿ.
Ïîêàçàíî, ÷òî äàæå äëÿ ãëàäêîãî ïðîôèëÿ âîëîêíà íà êîíòàêòíîé ëèíèè ìîãóò îáðà-
çîâàòüñÿ ñèíãóëÿðíîñòè, åñëè êðèâèçíà ïðîôèëÿ â îòäåëüíûõ åãî òî÷êàõ îáðàùàåòñÿ â
áåñêîíå÷íîñòü.
Êëþ÷åâûå ñëîâà: êàïèëëÿðíûé ïîäúåì, ìèíèìàëüíûå ïîâåðõíîñòè, ñðàùèâàíèå
àñèìïòîòè÷åñêèõ ðàçëîæåíèé, ïðåîáðàçîâàíèå ãîäîãðàôà, êîìïëåêñíàÿ ïåðåìåííàÿ.
1. Ââåäåíèå.
Åñëè âîëîêíî îïóñòèòü â æèäêîñòü ïåðïåíäèêóëÿðíî åå ñâîáîäíîé ïîâåðõíîñòè,
òî ïîâåðõíîñòü æèäêîñòè èñêðèâèòñÿ, îáðàçóÿ âíåøíèé ìåíèñê, îõâàòûâàþùèé âî-
ëîêíî. Â çàâèñèìîñòè îò òîãî, íàñêîëüêî æèäêîñòü ñìà÷èâàåò ìàòåðèàë âîëîêíà,
êîíòàêòíàÿ ëèíèÿ, ðàçäåëÿþùàÿ ñóõóþ è ñìî÷åííóþ ÷àñòè ïîâåðõíîñòè âîëîêíà,
ìîæåò ðàñïîëàãàòüñÿ âûøå (äëÿ ñìà÷èâàþùåé æèäêîñòè) èëè íèæå (äëÿ íåñìà÷è-
âàþùåé æèäêîñòè) ãîðèçîíòàëüíîé ñâîáîäíîé ïîâåðõíîñòè æèäêîñòè. Äëÿ ïîëîãî
âîëîêíà èëè òðóáêè ýôôåêò êàïèëëÿðíîãî ïîäúåìà ïîâåðõíîñòè æèäêîñòè åùå
áîëåå çàìåòåí. James Jurin [1] âïåðâûå îïèñàë ýêñïåðèìåíò ñ òàêèì êàïèëëÿðíûì
ïîäúåìîì, ÷òî âûçâàëî èíòåðåñ ê ýòîé òåìå ñî ñòîðîíû òàêèõ âûäàþùèõñÿ ó÷åíûõ,
êàê Laplace, Poisson, Gauss, and Young è â ðåçóëüòàòå ïðèâåëî ê ôîðìèðîâàíèþ ñî-
âðåìåííîé òåîðèè êàïèëëÿðíîñòè [2-4].
Îêàçàëîñü, ÷òî âûñîòà ïîäúåìà æèäêîñòè è ôîðìà ìåíèñêà ñèëüíî çàâèñÿò îò
ïîâåðõíîñòíûõ ñâîéñòâ âîëîêíà [5-9]. Ïîýòîìó ýêñïåðèìåíò ïî ìåòîäèêå Jurin ñ ïî-
ñëåäóþùèì àíàëèçîì ôîðìû ìåíèñêà è âûñîòû ïîäúåìà æèäêîñòè ñòàë îäíèì èç
íàèáîëåå ðàñïðîñòðàíåííûõ ñïîñîáîâ ïîëó÷åíèÿ õàðàêòåðèñòèê ïîâåðõíîñòè âîëî-
êîí [6, 9-13]. Åñëè ìåíèñêè, îáðàçóþùèåñÿ íà âîëîêíàõ êðóãëîãî ñå÷åíèÿ, èçó÷åíû
õîðîøî [3,5,6,9,14-17], òî ìåíèñêàì, îáðàçóþùèìñÿ íà âîëîêíàõ íåêðóãëîãî ñå÷å-
íèÿ, áûëî óäåëåíî ãîðàçäî ìåíüøå âíèìàíèÿ [13,15,18-22]. Âî ìíîãèõ ñëó÷àÿõ î
õàðàêòåðå âçàèìîäåéñòâèÿ ìåæäó æèäêîñòüþ è âîëîêíîì ñóäÿò ïî ïîâåäåíèþ êîí-
òàêòíîé ëèíèè [5]. Ñ ïîÿâëåíèåì ãîôðèðîâàííûõ âîëîêîí, à òàêæå íàíîâîëîêîí
[23-30] âîçðàñòàåò ðîëü ïðàâèëüíîé îöåíêè âëèÿíèÿ ôîðìû âîëîêíà íà ôîðìèðî-
âàíèå ñèíãóëÿðíîñòåé êîíòàêòíîé ëèíèè, à òàêæå íà êîíôèãóðàöèþ ìåíèñêà â öå-
ëîì [31-33]. Ýôôåêòèâíîñòü è îáîñíîâàííîñòü òàêèõ îöåíîê ìîæåò áûòü îáåñïå÷åíà
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òîëüêî ïðèâëå÷åíèåì è ðàçâèòèåì ìåòîäîâ ìàòåìàòè÷åñêîãî àíàëèçà íåëèíåéíîãî
óðàâíåíèÿ êàïèëëÿðíîñòè ñ íåëèíåéíûìè ãðàíè÷íûìè óñëîâèÿìè.
Â ýòîé ðàáîòå ñôîðìóëèðîâàíà ïðîáëåìà îïðåäåëåíèÿ ôîðìû âíåøíåãî ìåíèñ-
êà â ñëó÷àå, êîãäà âîëîêíî  òîíêîå, è ãðàâèòàöèÿ èãðàåò âòîðè÷íóþ ðîëü â ôîð-
ìèðîâàíèè ïðîôèëÿ ìåíèñêà. Êîëè÷åñòâåííî ýòî ðàâíîñèëüíî ïðåäïîëîæåíèþ î
òîì, ÷òî ÷èñëî Áîíäà ìàëî. Ýòî ÷èñëî îïðåäåëÿåòñÿ, êàê " = L2m

L2c << 1 , ãäå
Lc =
p
 /(g)  êàïèëëÿðíàÿ äëèíà,   ïîâåðõíîñòíîå íàòÿæåíèå æèäêîñòè, 
 åå ïëîòíîñòü, g  óñêîðåíèå ñâîáîäíîãî ïàäåíèÿ; Lm  õàðàêòåðíûé ðàçìåð ïðî-
ôèëÿ âîëîêíà, íàïðèìåð, åãî ñðåäíèé ðàäèóñ Lm =
p
A / , çàäàííûé ïîñðåäñòâîì
ïëîùàäè A åãî ïðîôèëÿ.
Ñ èñïîëüçîâàíèåì ìåòîäà ñðàùèâàíèÿ àñèìïòîòè÷åñêèõ ðàçëîæåíèé [34,35] ïðî-
áëåìà îïðåäåëåíèÿ ôîðìû âíåøíåãî ìåíèñêà ñâåäåíà ê íàõîæäåíèþ íåêîòîðîé
ìèíèìàëüíîé ïîâåðõíîñòè ïðè ñïåöèôè÷åñêèõ ãðàíè÷íûõ óñëîâèÿõ. Òàêàÿ ôîð-
ìóëèðîâêà ïîçâîëÿåò èñïîëüçîâàòü õîðîøî ðàçâèòûå ìåòîäû äèíàìèêè æèäêîñòè
è êîìïëåêñíîãî ïåðåìåííîãî. Óñòàíîâëåíà ìàòåìàòè÷åñêàÿ àíàëîãèÿ íåëèíåéíûõ
óðàâíåíèé ìèíèìàëüíîé ïîâåðõíîñòè ñ óðàâíåíèÿìè äëÿ ãàçà ×àïëûãèíà [36-39]
èëè óðàâíåíèÿìè ôèëüòðàöèè íåíüþòîíîâñêîé æèäêîñòè â ïîðèñòûõ ñðåäàõ [40-
42], ÷òî ïîçâîëÿåò èñïîëüçîâàòü ïðåîáðàçîâàíèå ×àïëûãèíà ê ïåðåìåííûì ãîäî-
ãðàôà. Ýôôåêòèâíîñòü òàêîãî ïîäõîäà ïðîäåìîíñòðèðîâàíà íà çàäà÷å îïðåäåëåíèÿ
ôîðìû ìåíèñêà íà âîëîêíå ñ îâàëüíûì ïðîôèëåì ïîïåðå÷íîãî ñå÷åíèÿ.
1.1. Ìàòåìàòè÷åñêàÿ ìîäåëü. Â äåêàðòîâîé ñèñòåìå êîîðäèíàò (X;Y; Z)
óðàâíåíèå ìåíèñêà: Z = H(X;Y ) õàðàêòåðèçóåò ïîäúåì æèäêîñòè îòíîñèòåëüíî
ãîðèçîíòàëüíîé ïëîñêîñòè (X;Y ) , êîòîðàÿ ñîâïàäàåò ñ óðîâíåì æèäêîñòè íà áåñ-
êîíå÷íîì óäàëåíèè îò âîëîêíà. Êîíôèãóðàöèÿ ìåíèñêà óñòàíàâëèâàåòñÿ ñîãëàñíî
êàïèëëÿðíîìó çàêîíó Ëàïëàñà [2,43]: (1 /R1 +1/R2 ) gH = 0 , ãäå ïåðâûé ÷ëåí
óðàâíåíèÿ  ñðåäíÿÿ êðèâèçíà, îïðåäåëÿåìàÿ äâóìÿ ãëàâíûìè ðàäèóñàìè êðèâèç-
íû R1 è R2 ; âòîðîé ÷ëåí ïðåäñòàâëÿåò ñîáîé ãèäðîñòàòè÷åñêîå äàâëåíèå. Â îáùåì
ñëó÷àå ñðåäíÿÿ êðèâèçíà ïîâåðõíîñòè ìîæåò áûòü ïðåäñòàâëåíà â âèäå íåëèíåé-
íîãî äèôôåðåíöèàëüíîãî îïåðàòîðà îò ôóíêöèè H(X;Y ) è, ñîîòâåòñòâåííî, çàêîí
Ëàïëàñà ïðèíèìàåò âèä [15,44]:
r 
h 
1 + jrHj2 1/2rHi  gH = 0; (1)
ãäå r = (@/@X; @/@Y )  2D îïåðàòîð ãðàäèåíòà.
Íà áåñêîíå÷íîñòè æèäêîñòü èìååò íóëåâîé óðîâåíü:p
X2 + Y 2 !1 : H = 0: (2)
Ãðàíè÷íîå óñëîâèå íà ïîâåðõíîñòè âîëîêíà. Â ýêñïåðèìåíòàõ ïî êàïèëëÿðíîìó
ïîäúåìó êîíôèãóðàöèÿ è ïîëîæåíèå êîíòàêòíîé ëèíèè  c çàðàíåå íåèçâåñòíû. Ìà-
òåìàòè÷åñêè êîíòàêòíàÿ ëèíèÿ  c îïèñûâàåòñÿ ãðàíè÷íûìè çíà÷åíèÿìè ôóíêöèè
H(X;Y ) , îïðåäåëåííîé íà ãðàíèöå îáëàñòè 
 ôèçè÷åñêîé ïëîñêîñòè. Ïîñêîëüêó
êîíòàêòíàÿ ëèíèÿ ïðèíàäëåæèò ïîâåðõíîñòè âîëîêíà, åå ïðîåêöèÿ íà ïëîñêîñòü
(X;Y ) â òî÷íîñòè ñîâïàäàåò ñ êîíòóðîì   ïîïåðå÷íîãî ñå÷åíèÿ âîëîêíà, ðèñ. 1b) .
Ñîãëàñíî óñëîâèþ Þíãà  Ëàïëàñà ïîâåðõíîñòü ìåíèñêà äîëæíà ïîäõîäèòü ê
ïîâåðõíîñòè âîëîêíà òàê, ÷òîáû îáðàçîâàëñÿ êðàåâîé óãîë  ; ýòîò êðàåâîé óãîë,
õàðàêòåðèçóþùèé êîìïëåêñ èç òðåõ ñðåä æèäêîñòü/âîçäóõ/âîëîêíî ïðåäïîëàãàåò-
ñÿ ïîñòîÿííûì, ÷òî ðàâíîñèëüíî ïðåäïîëîæåíèþ î òîì, ÷òî ïîâåðõíîñòü âîëîêíà
 ðîâíàÿ, ãëàäêàÿ è õèìè÷åñêè îäíîðîäíàÿ [2,5,45]. Äëÿ âîëîêíà ïðîèçâîëüíîãî
ïðîôèëÿ   ýòî ôèçè÷åñêîå óñëîâèå çàïèñûâàåòñÿ â âèäå
  : N  n = cos ; (3)
ÀÑÈÌÏÒÎÒÈ×ÅÑÊÈÉ ÀÍÀËÈÇ ÂÍÅØÍÅÃÎ ÌÅÍÈÑÊÀ 3
Ðèñ. 1. a) Âíåøíèé ìåíèñê íà âîëîêíå; b) ïðîåêöèÿ ïðîôèëÿ ìåíèñêà íà ïëîñêîñòü
(X;Y ) . Ïðîåêöèÿ êîíòàêòíîé ëèíèè  c òî÷íî ñîâïàäàåò ñ êîíòóðîì ïðîôèëÿ âîëîêíà  
ãäå n = (nx; ny; 0)  âåêòîð íîðìàëè ê êîíòóðó âîëîêíà   , à N  âåêòîð íîðìàëè ê
ïîâåðõíîñòè ìåíèñêà. Îáà âåêòîðà ïðèëîæåíû ê òî÷êå (X;Y; Z) 2   è íàïðàâëåíû
â ñòîðîíó âîçäóõà. Âåêòîð N ìîæåò áûòü âûðàæåí â òåðìèíàõ ôóíêöèè H(X;Y ) ,
îïèñûâàþùåé ïðîôèëü ìåíèñêà [46,47]
N =
 
1 + jrHj2 1/2 @H
@X
;  @H
@Y
; 1

:
Òîãäà óñëîâèå Þíãà  Ëàïëàñà ïðèíèìàåò âèä
  :
 
1 + jrHj2 1/2@H
@X
nx +
@H
@Y
ny

=   cos : (4)
1.2. Àíàëèç ðàçìåðíîñòåé. Èíñïåêöèîííûé àíàëèç óðàâíåíèÿ (1) âûÿâëÿ-
åò äâà õàðàêòåðíûõ ðàçìåðà äëèíû, ñâÿçàííûõ ñ ýòîé ïðîáëåìîé. Îäèí ÿâëÿåòñÿ
êàïèëëÿðíîé äëèíîé Lc , äðóãîé ñâÿçàí ðàçìåðîì ïîïåðå÷íîãî ñå÷åíèÿ âîëîêíà.
×èñëî Áîíäà
" =
L2m
L2c
=
gA

óñòàíàâëèâàåò ñîîòíîøåíèå ìåæäó ãðàâèòàöèîííûìè ñèëàìè è êàïèëëÿðíûìè. Åñ-
ëè âîëîêíî òîíêîå, òî èìååò ìåñòî íåðàâåíñòâî " << 1 , è, ñëåäîâàòåëüíî, ôîðìà
4 Ì.Ì. ÀËÈÌÎÂ, Ê.Ã. ÊÎÐÍÅÂ
ìåíèñêà êîíòðîëèðóåòñÿ ïðåèìóùåñòâåííî êàïèëëÿðíûìè ñèëàìè, à ãðàâèòàöèîí-
íûå ñèëû èãðàþò âòîðè÷íóþ ðîëü. Íàïðèìåð, äëÿ ìåíèñêà âîäû íà ÷åëîâå÷åñêîì
âîëîñå, èìåþùèì ðàäèóñ 30 m ÷èñëî Áîíäà îöåíèâàåòñÿ, êàê "  10 4 . Ðàçìåðû
îðãàíîâ ïèòàíèÿ íàñåêîìûõ, íàïðèìåð, òîëùèíà õîáîòêà áàáî÷åê è ìîëåé, âàðüè-
ðóåòñÿ îò íåñêîëüêèõ ìèêðîí äî ñîòåí ìèêðîí. Äëÿ ýòèõ íàòóðàëüíûõ âîëîêîí
÷èñëî Áîíäà âñåãäà ìàëî [48-50].
Ââîäÿ áåçðàçìåðíûå ïåðåìåííûå (X;Y )! (X/Lm; Y /Lm) = (x; y) è áåçðàçìåð-
íóþ ôóíêöèþ âûñîòû ñòîëáà æèäêîñòè h = H/Lm , ìû ìîæåì ïåðåïèñàòü ñèñòåìó
óðàâíåíèé (1), (2), (4) â áåçðàçìåðíîì âèäå

 : r 
h 
1 + jrhj2 1/2rhi  "h = 0; (5)
  :
 
1 + jrhj2 1/2 @h
@n
=   cos ; (6)
p
x2 + y2 !1 : h! 0: (7)
Çäåñü îáëàñòü 
  åñòü ïðîåêöèÿ íà ïëîñêîñòü (x; y) îáëàñòè, çàíÿòîé æèäêî-
ñòüþ. Êàê ñëåäñòâèå èìååò ìåñòî óñëîâèå áàëàíñà êàïèëëÿðíûõ è ãðàâèòàöèîííûõ
ñèë â öåëîì [51]
"
ZZ


hd
 = l cos ; (8)
ãäå l  áåçðàçìåðíûé ïåðèìåòð âîëîêíà. Ïîñëåäíåå îáñòîÿòåëüñòâî øèðîêî èñïîëü-
çóåòñÿ â ýêñïåðèìåíòàõ ïî ìàòåðèàëîâåäåíèþ, ïîñêîëüêó ñèëó íàòÿæåíèÿ ìåæäó
âîëîêíîì è æèäêîñòüþ ìîæíî èçìåðèòü íåïîñðåäñòâåííî [5-8].
2. Âíåøíèé ìåíèñê êàê ìèíèìàëüíàÿ ïîâåðõíîñòü
Ìû áóäåì èñïîëüçîâàòü ìåòîä ñðàùèâàåìûõ àñèìïòîòè÷åñêèõ ðàçëîæåíèé
[14,16,34,35], ñëåäóÿ ãëàâíûì îáðàçîì èäåÿì [16]. Lo èñïîëüçîâàëà ìåíèñê íà êðóã-
ëîì öèëèíäðå, ÷òîáû ïðîèëëþñòðèðîâàòü ñòðîãóþ ïðîöåäóðó ñðàùèâàíèÿ [16].
Îáîáùèì ýòè èäåè íà ñëó÷àé âîëîêíà ïðîèçâîëüíîé ôîðìû ïîïåðå÷íîãî ñå÷å-
íèÿ è ñôîðìóëèðóåì ìàòåìàòè÷åñêóþ ìîäåëü, îïèñûâàþùóþ ôîðìó ìåíèñêà â
ãëàâíîì ÷ëåíå àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ. Ñîãëàñíî ýòîìó ìåòîäó, àñèìïòîòè-
÷åñêîå ðàçëîæåíèå ðåøåíèÿ çàäà÷è (5)  (7) ïî ìàëûì " ñòðîèòñÿ ñ èñïîëüçîâàíèåì
ïðîöåäóðû ñðàùèâàíèÿ àñèìïòîòè÷åñêèõ ðàçëîæåíèé  âíóòðåííåãî è âíåøíåãî.
Âíóòðåííåå ðàçëîæåíèå îïèñûâàåò ïðîôèëü ìåíèñêà âáëèçè âîëîêíà, â òî âðåìÿ,
êàê âíåøíåå ðàçëîæåíèå îïèñûâàåò ïðîôèëü ìåíèñêà âäàëè îò âîëîêíà, ãäå îí
áëèçîê ê ãîðèçîíòàëüíîé ïëîñêîñòè. Êàæäîå èç ýòèõ ðàçëîæåíèé ñîäåðæèò íåèç-
âåñòíûå êîíñòàíòû, êîòîðûå áóäóò ñâÿçàíû ìåæäó ñîáîé ñðàùèâàíèåì ðàçëîæåíèé
â ïðîìåæóòî÷íîé çîíå, ãäå ðàçëîæåíèÿ ïåðåêðûâàþòñÿ.
Îòìåòèì, ÷òî â [16] ðàññìàòðèâàëàcü îäíîìåðíàÿ çàäà÷à è ïðîöåäóðà ñðàùè-
âàíèÿ ñóùåñòâåííî èñïîëüçîâàëà ñâîéñòâà òî÷íîãî ðåøåíèÿ çàäà÷è  êàòåíîèäà
Ìàêñâåëëà [3]. Ïîýòîìó äàæå íå ïîíàäîáèëîñü ââîäèòü óñëîâèå áàëàíñà ñèë (8).
Åñëè ïîïûòàòüñÿ íåïîñðåäñòâåííî ñëåäîâàòü ìåòîäèêå [16] â äâóìåðíîì ñëó÷àå,
êîãäà âîëîêíî èìååò ñëîæíûé ïðîôèëü ïîïåðå÷íîãî ñå÷åíèÿ, à ÷èñëî Áîíäà ìàëî,
òî ïðèäåì ê äâóìåðíîìó íåëèíåéíîìó óðàâíåíèþ â ÷àñòíûõ ïðîèçâîäíûõ, îïè-
ñûâàþùåìó ìèíèìàëüíóþ ïîâåðõíîñòü. Ïîñêîëüêó ýòî óðàâíåíèå íå èìååò àíàëè-
òè÷åñêîãî ðåøåíèÿ, ñëåäîâàòü äàëåå ìåòîäèêå [16] ïðîáëåìàòè÷íî. Ê ñ÷àñòüþ, â
ýòîì äâóìåðíîì ñëó÷àå óäàåòñÿ îòäåëüíî ïîñòðîèòü âíåøíåå àñèìïòîòè÷åñêîå ðàç-
ëîæåíèå ðåøåíèÿ çàäà÷è è èñïîëüçîâàòü óðàâíåíèå (8) äëÿ îïðåäåëåíèÿ êîíñòàíò
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èíòåãðèðîâàíèÿ ïðåæäå, ÷åì ïðèñòóïèòü ê ïîñòðîåíèþ âíóòðåííåãî ðàçëîæåíèÿ,
ò. å. ê ðåøåíèþ äâóìåðíîãî íåëèíåéíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ, îïè-
ñûâàþùåãî ìèíèìàëüíóþ ïîâåðõíîñòü. Òàêèì îáðàçîì, èñïîëüçîâàíèå óðàâíåíèÿ
(8) ïîçâîëèò ñðàñòèòü âíóòðåííå ðàçëîæåíèå ñ âíåøíèì ïî ñóòè åùå äî ïîñòðîåíèÿ
ðåøåíèÿ çàäà÷è âíóòðåííåãî àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ.
2.1. Ãëàâíûé ÷ëåí âíóòðåííåãî ðàçëîæåíèÿ. Âáëèçè ê ïîâåðõíîñòè âî-
ëîêíà ïåðåìåííûå (x; y) è âûñîòà ìåíèñêà èìåþò ïîðÿäîê åäèíèöû: x; y  O(1) ,
h(x; y)  O(1) . Ïîýòîìó áóäåì èñêàòü àñèìïòîòè÷åñêîå ðåøåíèå âíóòðåííåé çàäà÷è
â âèäå ðàçëîæåíèÿ
x; y  O(1) : hi(x; y) = hi;0(x; y) + o(1) (9)
ãäå âåðõíèé èíäåêñ  i îáîçíà÷àåò âíóòðåííåå ðàçëîæåíèå, à èíäåêñ 0  ãëàâ-
íûé ÷ëåí àñèìïòîòèêè. Îòìåòèì, ÷òî çîíà äåéñòâèÿ âíóòðåííåãî ðàçëîæåíèÿ íå
âêëþ÷àåò íè áåñêîíå÷íîñòü, íè îêðåñòíîñòü íóëÿ, çàíÿòóþ ïðîôèëåì âîëîêíà.
Âûäåëÿÿ ÷ëåíû ïîðÿäêà O(1) â óïðàâëÿþùåì óðàâíåíèè (5), áóäåì èìåòü

 : r 
h 
1 + jrhi;0 j2 1/2rhi;0i = 0: (10)
Ãðàíè÷íîå óñëîâèå (6) íà ãðàíèöå âîëîêíà   ïðèìåò âèä
  :
 
1 + jrhi;0 j2 1/2 @hi;0
@n
=   cos : (11)
Ñîãëàñíî ìåòîäó ñðàùèâàíèÿ àñèìïòîòè÷åñêèõ ðàçëîæåíèé ãðàíè÷íîå óñëîâèå
(7) â áåñêîíå÷íîñòè, êîòîðàÿ íå âõîäèò â çîíó äåéñòâèÿ âíóòðåííåãî ðàçëîæåíèÿ,
ñëåäóåò çàìåíèòü óñëîâèåì ñðàùèâàíèÿ [16,34,35]
r !1 : hi;0 = [ho;0] i; (12)
ãäå r =
 
x2 + y2
1=2
è [ho;0] i  âíóòðåííåå ðàçëîæåíèå âíåøíåãî ðàçëîæåíèÿ ïðè
" ! 0 . ×òîáû íàéòè ïîâåäåíèå â áåñêîíå÷íîñòè âíóòðåííåãî ðàçëîæåíèÿ, âåðíåì-
ñÿ ê îðèãèíàëüíîìó ãðàíè÷íîìó óñëîâèþ (7) è ïðåäïîëîæèì, ÷òî âíóòðåííåå è
âíåøíåå ðàçëîæåíèÿ ïåðåêðûâàþòñÿ â îáëàñòè, ãäå ìåíèñê óæå áëèçîê ê ãîðèçîí-
òàëüíîé ïîâåðõíîñòè âîçäóõæèäêîñòü h = 0 . Â ýòîé îáëàñòè âñå ïðîèçâîäíûå hi;0
ìàëû è èìååò ìåñòî ñëåäóþùàÿ àñèìïòîòè÷åñêàÿ àïïðîêñèìàöèÿ óðàâíåíèÿ (10)
r !1 : hi;0 = 0 +O  jrhi;0 j 2 : (13)
Ïîâåäåíèå â áåñêîíå÷íîñòè ðåøåíèÿ óðàâíåíèÿ Ëàïëàñà (13) â îáùåì âèäå äëÿ
çàäà÷ äèíàìèêè æèäêîñòè ìîæåò áûòü ïðåäñòàâëåíî êîìáèíàöèåé èñòî÷íèêà è
ìóëüòèïîëåé [52]
r !1 : hi;0(r; )  B 1 ln r +B0 +
NX
k=1
Bkr
k cos k; (14)
ãäå èñïîëüçîâàíû öèëèíäðè÷åñêèå êîîðäèíàòû (r; ) ,  = arctan (y=x) . Îòìåòèì,
÷òî çàäàíèå ó ðåøåíèÿ â áåñêîíå÷íîñòè ñèíãóëÿðíîãî ïîâåäåíèÿ òèïà (14) íå ïðî-
òèâîðå÷èò àñèìïòîòè÷åñêîìó õàðàêòåðó âíóòðåííåãî ðàçëîæåíèÿ (9), ïîñêîëüêó
áåñêîíå÷íîñòü íå âõîäèò â çîíó äåéñòâèÿ ýòîãî ðàçëîæåíèÿ.
Êîíñòàíòû Bk , k =  1; 0; 1; ::: ïîêà íå îïðåäåëåíû è äîëæíû íàõîäèòüñÿ èç
óñëîâèÿ ñðàùèâàíèÿ (12). Òàêèì îáðàçîì, ïðîáëåìà ïîñòðîåíèÿ âíóòðåííåãî ðàç-
ëîæåíèÿ ñâåëàñü ê ðåøåíèþ óðàâíåíèÿ (10) ñ ãðàíè÷íûì óñëîâèåì íà ïðîôèëå
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âîëîêíà (11) è óñëîâèåì â áåñêîíå÷íîñòè (14). Ïåðåéäåì ê ïîñòðîåíèþ âíåøíå-
ãî àñèìïòîòè÷åñêîãî ðàçëîæåíèþ. Îòìåòèì âàæíóþ îñîáåííîñòü óñëîâèÿ (14) 
îíî âêëþ÷àåò è ëîãàðèôìè÷åñêóþ îñîáåííîñòü, ÷òî îáóñëàâëèâàåò íåîáõîäèìîñòü
òùàòåëüíîãî àíàëèçà âíåøíåãî ðàçëîæåíèÿ, êàê îòìå÷àëîñü â [16].
2.2. Ãëàâíûé ÷ëåí âíåøíåãî ðàçëîæåíèÿ. Óãàäàòü ôîðìó âíåøíåé ïåðå-
ìåííîé ìîæíî íà óðîâíå ôèçè÷åñêîé èíòóèöèè. Â ñàìîì äåëå, âäàëè îò âîëîêíà âñå
âîçìóùåíèÿ ïîâåðõíîñòè ìåíèñêà, âûçâàííûå ñìà÷èâàíèåì ôèãóðíîãî âîëîêíà, çà-
òóõàþò, è ìåíèñê áëèçîê ê ãîðèçîíòàëüíîé ïîâåðõíîñòè h = 0 ñ î÷åíü ìàëûì óãëîì
íàêëîíà, jrhj << 1 . Ñëåäîâàòåëüíî, âäàëè îò âîëîêíà óïðàâëÿþùåå óðàâíåíèå
(5) ñòàíîâèòñÿ ñóùåñòâåííî ïðîùå: h   "h = 0 . Êàê ïîêàçûâàåò àíàëèç ðàçìåð-
íîñòåé, ïåðâûé è âòîðîé ñëàãàåìûå ýòîãî óðàâíåíèÿ ñòàíîâÿòñÿ ñîèçìåðèìû íà
ðàññòîÿíèÿõ ïîðÿäêà r  " 1/2 .
Ýòè îöåíêè íàâîäÿò íà ìûñëü, ÷òî â êà÷åñòâå âíåøíåé ïåðåìåííîé ñëåäóåò âû-
áðàòü  = r
p
" . Ñîîòâåòñòâåííî, âíåøíåå àñèìïòîòè÷åñêîå ðàçëîæåíèå ðåøåíèÿ
çàäà÷è áóäåì èñêàòü â ôîðìå
Z : h
o() = ho;0() + o(1):
ãäå Z  çîíà äåéñòâèÿ âíåøíåãî ðàçëîæåíèÿ. Ïîñëåäíþþ ìîæíî îïðåäåëèòü êàê
Z :   O(1) , ïîñêîëüêó óñëîâèå (7) óáûâàíèÿ äî íóëÿ ôóíêöèè h íà áåñêîíå÷íî-
ñòè, ïîçâîëÿåò ðàñïðîñòðàíèòü âíåøíþþ çîíó ñ îáëàñòåé, ãäå   O(1) , äî áåñêî-
íå÷íîñòè.
Ïåðåïèøåì óïðàâëÿþùåå óðàâíåíèå (5) â ýòîé çîíå â öèëèíäðè÷åñêèõ êîîð-
äèíàòàõ. Ïðîâåäåì çàìåíó @h=@r =
p
" @h=@ è îñòàâèì òîëüêî ÷ëåíû ñòàðøåãî
ïîðÿäêà. Áóäåì èìåòü
Z :
1

@
@


@ho;0
@

+
1
2
@2ho;0
@2
  ho;0 = 0: (15)
Èñ÷åçàþùåå íà áåñêîíå÷íîñòè ðåøåíèå ýòîãî óðàâíåíèÿ ìîæåò áûòü ïðåäñòàâ-
ëåíî â âèäå ðÿäà Ôóðüå îòíîñèòåëüíî ïåðåìåííîé  è ôóíêöèÿìè Áåññåëÿ âòîðîãî
ðîäà Kn () , n  0 â êà÷åñòâå ñïåêòðàëüíûõ ôóíêöèé [19,20]. Ó ýòîãî ðÿäà, êàê
ïîêàçàíî â ðàáîòå [53], ãëàâíûé ÷ëåí ïîðÿäêà O(1) èìååò âèä
Z : h
o;0(; ) = C0K0 () ; (16)
à ôóíêöèè Áåññåëÿ âòîðîãî ðîäà ñòàðøåãî ïîðÿäêà Kn () , n  1 äàþò âêëàä
òîëüêî â ÷ëåíû ðàçëîæåíèÿ ïîðÿäêà o(1) . Çäåñü C0  êîíñòàíòà.
Âíåøíåå àñèìïòîòè÷åñêîå ðàçëîæåíèå (16) óäîâëåòâîðÿåò ãðàíè÷íîìó óñëîâèþ
íà áåñêîíå÷íîñòè (7). Ãðàíè÷íîìó óñëîâèþ íà ïðîôèëå âîëîêíà îíî, åñòåñòâåííî,
íå óäîâëåòâîðÿåò, ïîñêîëüêó îêðåñòíîñòü âîëîêíà íå âõîäèò âî âíåøíþþ çîíó.
×òîáû ñðàñòèòü âíåøíåå ðàçëîæåíèå (16) ñ âíóòðåííèì, èñïîëüçóåì óñëîâèå
ñðàùèâàíèÿ (12), ãäå âíóòðåííåå ðàçëîæåíèå âíåøíåãî ðàçëîæåíèÿ [ho;0] i èìååò
âèä, ñì. [34,35]
[ho;0] i = C0K0
 
r
p
"

r 1   C0

ln r + ln

eE
p
"
2

;
ãäå E = 0:577215  êîíñòàíòà Ýéëåðà. Ôàêòè÷åñêè ýòî ïîçâîëÿåò âûðàçèòü êîí-
ñòàíòû Bk â óñëîâèè (14) ÷åðåç ïàðàìåòð C0 . Îäíàêî ñàì ïàðàìåòð C0 ïîêà íå
îïðåäåëåí.
2.3. Îïðåäåëåíèå ïàðàìåòðà C0 è ñðàùèâàíèå âíóòðåííåãî ðàçëîæå-
íèÿ ñ âíåøíèì. Ââåäåì â ðàññìîòðåíèå îêðóæíîñòü CM áîëüøîãî ðàäèóñà
r = M > 1 ïðè òîì, ÷òî M  O(1) , ñì. ðèñ. 1b) . Äëÿ îïðåäåëåíèÿ ïàðàìåòðà
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C0 èñïîëüçóåì óðàâíåíèå áàëàíñà ñèë (8). Ñîãëàñíî ïðàâîé ÷àñòè (8) äëÿ èíòåãðà-
ëà ïî îáëàñòè 
 ñïðàâåäëèâà îöåíêà
"
ZZ


hd
 = O(1): (17)
Ñ äðóãîé ñòîðîíû, îí ìîæåò áûòü îöåíåí íåïîñðåäñòâåííî
"
ZZ


hd
 = "
Z Z

 \CM
hd
+ "
Z Z

nCM
hd
 = "
Z Z

 \CM
hi;1d
+ "
Z Z

nCM
ho;1d
:
(18)
Ïåðâûé èíòåãðàë â ïðàâîé ÷àñòè ïîñëåäíåãî ñîîòíîøåíèÿ áåðåòñÿ ïî âíóòðåí-
íåé çîíå 
 \ CM , îãðàíè÷åííîé îêðóæíîñòüþ CM , â òî âðåìÿ êàê âòîðîé èíòå-
ãðàë áåðåòñÿ ïî âíåøíîñòè ýòîé îêðóæíîñòè 
nCM . Ñîãëàñíî ìåòîäó ñðàùèâàíèÿ
àñèìïòîòè÷åñêèõ ðàçëîæåíèé [34,35] ïåðâûé èíòåãðàë íå òðåáóåò òî÷íîãî îïðåäåëå-
íèÿ ãðàíèöû îáëàñòè èíòåãðèðîâàíèÿ r = M . Ýòó ãðàíèöó ñëåäóåò âûáðàòü ãäå-òî
â ðàéîíå ïåðåêðûòèÿ âíåøíåãî è âíóòðåííåãî ðàçëîæåíèÿ: M  O(1) è M > 1 .
Òîãäà ïåðâûé èíòåãðàë â ïðàâîé ÷àñòè (18) áóäåò ìàë
"
Z Z

 \CM
hi;1d
 = O(")
è ìîæåò áûòü îòáðîøåí, ïîñêîëüêó â öåëîì ëåâàÿ ÷àñòü âûðàæåíèÿ (18) èìååò
ïîðÿäîê O(1) , ñì. (17).
Âòîðîé èíòåãðàë â ïðàâîé ÷àñòè (18) ìîæåò áûòü îöåíåí, åñëè, èñïîëüçóÿ òåî-
ðåìó Êàïëóíà àñèìïòîòè÷åñêîãî àíàëèçà [54,55], ðàñïðîñòðàíèòü çîíó äåéñòâèÿ
âíåøíåãî ðàçëîæåíèÿ âïëîòü äî ãðàíèöû CM , äåòàëè ñì. [53]. Òîãäà âòîðîå ñëàãà-
åìîå â ñîîòíîøåíèè (18) ïðèìåò âèä [49]
"
Z Z

nCM
ho;1d
 = 2"C0
1Z
M
K0
 
r
p
"

rdr = 2C0
1Z
p
"M
K0 (u)udu = 2
p
"C0MK1
 
M
p
"

:
Ïðèíèìàÿ âî âíèìàíèå àñèìïòîòè÷åñêóþ àïïðîêñèìàöèþ ìîäèôèöèðîâàííîé
ôóíêöèè Áåññåëÿ âòîðîãî ðîäà ïðè ìàëûõ àðãóìåíòàõ, K1(M
p
") = (Mp") 1 ,
áóäåì èìåòü
"
Z Z

nCM
hod
 = 2C0:
Ïîäñòàâëÿÿ ýòî çíà÷åíèå â óñëîâèå (8), íàéäåì àñèìïòîòè÷åñêîå âûðàæåíèå
êîíñòàíòû C0 ÷åðåç êîíòàêòíûé óãîë è ïåðèìåòð âîëîêíà
C0 =
l cos 
2
: (19)
Ïîäñòàâëÿÿ âûðàæåíèå (19) äëÿ êîíñòàíòû C0 â ñîîòíîøåíèå (14), ïîëó÷èì
îêîí÷àòåëüíîå âûðàæåíèå ãðàíè÷íîãî óñëîâèÿ â áåñêîíå÷íîñòè äëÿ âíóòðåííåãî
ðàçëîæåíèÿ [49]
r !1 : hi;0(r; )    l cos 
2

ln r + ln

eE
p
"
2

: (20)
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Òàêèì îáðàçîì, êîíñòàíòû B 1 and B0 â ïðåäñòàâëåíèè (14) ïîëíîñòüþ îïðåäå-
ëÿþòñÿ âíåøíèì ðàçëîæåíèåì. Îñòàëüíûå êîíñòàíòû Bk , k  1 íå äàþò íèêàêîãî
âêëàäà â ãëàâíûé ÷ëåí àñèìïòîòèêè [53]. Ýòî âàæíûé ðåçóëüòàò, êîòîðûé íå áûë
èçâåñòåí ðàíåå: â àñèìïòîòè÷åñêîì àíàëèçå Lo [16] äëÿ âîëîêíà êðóãëîãî ñå÷åíèÿ
êîíñòàíòà C0 îïðåäåëÿëàñü ïðÿìûì ðàçëîæåíèåì òî÷íîãî ðåøåíèÿ íåëèíåéíîãî
îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ  îäíîìåðíîãî àíàëîãà óïðàâëÿþ-
ùåãî óðàâíåíèÿ (5) áåç ïðèâëå÷åíèÿ óñëîâèÿ áàëàíñà ñèë (8). Çäåñü æå ñ ïðèâëå-
÷åíèåì ýòîãî óñëîâèÿ ôàêòè÷åñêè óñòàíîâëåíî, ÷òî â îáùåì äâóìåðíîì ñëó÷àå
ïðîèçâîëüíîãî ïðîôèëÿ âîëîêíà ïðîáëåìó âíóòðåííåãî ðàçëîæåíèÿ, óæå ñðàùåí-
íîãî ñ âíåøíèì, ìîæíî ðåøàòü êàê îòäåëüíóþ çàäà÷ó.
2.4. Àñèìïòîòè÷åñêîå ðàçëîæåíèå, ðàâíîìåðíî ïðèãîäíîå âî âñåé îá-
ëàñòè 
 . Èìåÿ ðåøåíèå âíóòðåííåé çàäà÷è hi;0 , ìîæíî èñïîëüçîâàòü ïðàâèëî
Âàí Äàéêà [35,56], ÷òîáû çàïèñàòü ãëàâíûé ÷ëåí àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ
hu;0 , ðàâíîìåðíî ïðèãîäíîãî âñþäó â îáëàñòè 

hu;0(r; ) = ho;0(r; ) + hi;0(r; )  [ho;0]i:
Ñ ó÷åòîì âûðàæåíèé (16), (19), (20) áóäåì èìåòü
hu;0(r; ) = hi;0(r; ) +
l cos 
2

K0
 
r
p
"

+ ln r + ln
 
eE
p
"

2

: (21)
Òàêèì îáðàçîì, çàäà÷à îïðåäåëåíèÿ ôîðìû ìåíèñêà íà òîíêîì âîëîêíå ïðî-
èçâîëüíîé ôîðìû ïåðåôîðìóëèðîâàíà, êàê çàäà÷à íàõîæäåíèÿ ìèíèìàëüíîé ïî-
âåðõíîñòè (10) ñî ñïåöèôè÷åñêèìè ãðàíè÷íûìè óñëîâèÿìè (11), (20).
Ïðîâåäåííûé àñèìïòîòè÷åñêèé àíàëèç ïîçâîëÿåò òàêæå ïîíÿòü óïðàâëÿþùèé
ìåõàíèçì ôîðìèðîâàíèÿ âíåøíåãî ìåíèñêà íà òîíêîì ôèãóðíîì âîëîêíå. Âûÿâ-
ëåíî, ÷òî ôîðìà ìåíèñêà êîíòðîëèðóåòñÿ ãëàâíûì îáðàçîì ñèëàìè ñìà÷èâàíèÿ,
äåéñòâóþùèìè íà êîíòàêòíîé ëèíèè, è ïîâåðõíîñòíûì íàòÿæåíèåì â ïëåíêå 
ìåíèñêå, ñèëó êîòîðîãî îïðåäåëÿåò ñîâìåñòíîå äåéñòâèå êàïèëëÿðíûõ è ãðàâèòà-
öèîííûõ ñèë â áåñêîíå÷íîñòè. Â îòëè÷èå îò âíóòðåííèõ ìåíèñêîâ, ôîðìèðóþùèõñÿ
â ïîëûõ âîëîêíàõ è òðóáàõ [1], âî âíåøíèõ ìåíèñêàõ êàïèëëÿðíîå äàâëåíèå íå îêà-
çûâàåò íèêàêîãî âëèÿíèÿ íà âûñîòó êàïèëëÿðíîãî ïîäúåìà æèäêîñòè.
3. Àíàëîãèÿ ñ ôèëüòðàöèåé àíîìàëüíî âÿçêîé æèäêîñòè.
Ïîñòàíîâêà çàäà÷è (5)  (7) î êàïèëëÿðíîì ïîäúåìå æèäêîñòè íà âåðòèêàëüíîì
âîëîêíå ïðîèçâîëüíîãî ïîïåðå÷íîãî ñå÷åíèÿ â ñëó÷àå ìàëûõ ÷èñåë Áîíäà " << 1
ñâåäåíà ê àñèìïòîòè÷åñêîé ìîäåëè, îïèñûâàåìîé óðàâíåíèåì ìèíèìàëüíîé ïîâåðõ-
íîñòè (10) è ãðàíè÷íûìè óñëîâèÿìè (11), (20). Õîòÿ àñèìïòîòè÷åñêàÿ ïîñòàíîâêà
è îñòàåòñÿ íåëèíåéíîé, îíà âñå æå áîëåå ïðîñòà äëÿ àíàëèçà. Áîëåå òîãî, ìîæíî
çàìåòèòü àíàëîãèþ óïðàâëÿþùåãî óðàâíåíèÿ (10) ñ ìîäåëÿìè ãàçîâîé äèíàìèêè
è ôèëüòðàöèè àíîìàëüíî âÿçêîé æèäêîñòè [36,40-42,57], ÷òî ïîçâîëÿåò íàäåÿòüñÿ
íà ýôôåêòèâíîñòü ðàçðàáîòàííûõ â ýòèõ òåîðèÿõ ìåòîäîâ ïîñòðîåíèÿ òî÷íûõ è
ïðèáëèæåííûõ ÷èñëåííûõ ðåøåíèé çàäà÷.
Ëåãêî âèäåòü, ÷òî óðàâíåíèå ìèíèìàëüíîé ïîâåðõíîñòè (10) ñîâïàäàåò ñ óðàâ-
íåíèåì íåðàçðûâíîñòè r  J = 0 äëÿ íåñæèìàåìîãî ïîòîêà æèäêîñòè J , îïðåäå-
ëåííîãî ñëåäóþùèì îáðàçîì
J =    1 + jrhi;0j2 1/2 rhi;0: (22)
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Ýòîò ôèêòèâíûé ïîòîê æèäêîñòè îïðåäåëÿåòñÿ ïåðåïàäîì óðîâíÿ æèäêîñòè â
ìåíèñêå è âûñîòà ìåíèñêà ìîæåò ðàññìàòðèâàòüñÿ â êà÷åñòâå ãèäðàâëè÷åñêîãî íà-
ïîðà. Óðàâíåíèå (10), îçíà÷àþùåå ôàêòè÷åñêè íåñæèìàåìîñòü ïîòîêà J , äîïóñêàåò
ââåäåíèå ôóíêöèè òîêà  (x; y)
Jx =
@ 
@y
; Jy =  @ 
@x
:
Â òåîðèè ïëîñêèõ òå÷åíèé íåñæèìàåìîé æèäêîñòè óñòàíîâëåíà öåëåñîîáðàç-
íîñòü ââåäåíèÿ ïëîñêîñòè ãîäîãðàôà ñêîðîñòè (Jx; Jy) [40,42,52]. Ïîñëåäíþþ ìîæ-
íî îïèñàòü è â ïåðåìåííûõ (; J) , ãäå   óãîë íàêëîíà âåêòîðà J ê îñè x , à J 
ìîäóëü âåêòîðà J :
J = jJj > 0; Jx = J cos ; Jy = J sin :
Èç îïðåäåëåíèÿ (22) ñëåäóåò ñâÿçü ìåæäó âåëè÷èíîé ïîòîêà J è âûñîòîé ìå-
íèñêà hi;0 â êàæäîé òî÷êå ôèçè÷åñêîé ïëîñêîñòè

 : J =
 
1 + jrhi;0j2 1/2 jrhi;0j; 0  J  1: (23)
Ýòî ñîîòíîøåíèå ìîæíî ïåðåïèñàòü èíà÷å, ðàçðåøèâ åãî îòíîñèòåëüíî jrhi;0j
jrhi;0j = (J); (J) =  1  J2 1/2 J; (J)  0; 0(J)  0: (24)
Â ðåçóëüòàòå ìîæíî ïåðåôîðìóëèðîâàòü çàäà÷ó êàïèëëÿðíîãî ïîäúåìà æèäêî-
ñòè íà âîëîêíå êàê çàäà÷ó ôèëüòðàöèè àíîìàëüíî âÿçêîé æèäêîñòè [36,40-42,57]

 : rhi;0 =  (J)J
J
; r  J = 0: (25)
Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà çàäà÷è çàìûêàåòñÿ ñëåäóþùèì ãðàíè÷íûì óñëî-
âèåì íà ïðîôèëå âîëîêíà  
  : J  n = cos ; (26)
è óñëîâèåì â áåñêîíå÷íîñòè äëÿ íàïîðà èëè åãî ãðàäèåíòà
r !1 : hi;0 =   Q
2

ln r + ln
 
eE
p
"

2

+O
 
r 1

; (27)
r !1 : rhi;0 =   Q
2r2
r+O
 
r 2

: (28)
Çäåñü r  ðàäèóñ-âåêòîð òî÷êè (x; y) ôèçè÷åñêîé ïëîñêîñòè, à Q  ñóììàðíûé
ðàñõîä ôèëüòðóþùåéñÿ æèäêîñòè Q = l cos  .
Ñðàâíèâàÿ óñëîâèÿ ÞíãàËàïëàñà â âèäå (3), (26) è ó÷èòûâàÿ îïðåäåëåíèå âåê-
òîðà ïîòîêà J , ïðèõîäèì ê âûâîäó, ÷òî âåêòîð J ÿâëÿåòñÿ íàïðàâëåííîé ïðîåêöèåé
âåêòîðà íîðìàëè N ê ìåíèñêó íà ôèçè÷åñêóþ ïëîñêîñòü (x; y) .
3.1. Ïðåîáðàçîâàíèå ê ïåðåìåííûì ãîäîãðàôà. Ñëåäóÿ Ñ.À. ×àïëûãè-
íó è Ñ.Ô. Õðèñòèàíîâè÷ó [36,57], ïåðåïèøåì ñèñòåìó óðàâíåíèé (25) â òåðìèíàõ
ãèäðàâëè÷åñêîãî íàïîðà hi;0(J; ) è ôóíêöèè òîêà  (J; )
2(J)
J0(J)
@ 
@J
=  @h
@
;
(J)
J2
@ 
@
=
@h
@J
: (29)
Èñïîëüçóÿ ÿâíîå âûðàæåíèå (24) äëÿ ôóíêöèè  , íàéäåì
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0(J) =
1
(1  J2) 3/2
;
2(J)
J0(J)
= J
 
1  J2 1/2 ; (J)
J2
=
1
J (1  J2) 1/2
:
Ïîäñòàâëÿÿ ýòè âûðàæåíèÿ â ñèñòåìó óðàâíåíèé (29), ïîëó÷èì
J
 
1  J2 1/2 @ 
@J
=  @h
@
;
@ 
@
= J
 
1  J2 1/2 @h
@J
: (30)
Â.Â. Ñîêîëîâñêèé çàìåòèë, ÷òî ââåäåíèåì íîâîé ïåðåìåííîé t [58]
t = ln
1 +
p
1  J2
J
 arccosh 1
J
: (31)
ñèñòåìó óðàâíåíèé (30) ìîæíî ïðåîáðàçîâàòü â ñèñòåìó óðàâíåíèé Êîøè  Ðèìàíà
[59]
@ 
@t
=
@hi;0
@
;
@ 
@
=  @h
i;0
@t
: (32)
Â ðåçóëüòàòå óðàâíåíèå ìèíèìàëüíîé ïîâåðõíîñòè (10) ïðåîáðàçîâàíî ê óðàâ-
íåíèþ Ëàïëàñà â ïëîñêîñòè ãîäîãðàôà ñêîðîñòè t ,  (óñëîâíî ïðè÷èñëèì t ê ïåðå-
ìåííûõ ãîäîãðàôà, ïîñêîëüêó t ñâÿçàíî ñ J âçàèìíî îäíîçíà÷íûì ñîîòâåòñòâèåì)
@2hi;0
@t2
+
@2hi;0
@2
= 0: (33)
Òîãäà ìîæíî ââåñòè êîìïëåêñíûå ïåðåìåííûå W è 
W =  hi;0 + i ;  = t+ i; (34)
Ñîîòâåòñòâåííî, äëÿ ïîñòðîåíèÿ ðåøåíèé çàäà÷è âíóòðåííåãî àñèìïòîòè÷åñêî-
ãî ðàçëîæåíèÿ (10), (11), (20) äëÿ âîëîêíà ñî ñëîæíûì ïðîôèëåì ïîïåðå÷íîãî
ñå÷åíèÿ ìîæíî èñïîëüçîâàòü ìåòîäû òåîðèè ôóíêöèè êîìïëåêñíîãî ïåðåìåííîãî
[59].
4. Ïðèìåðû òî÷íîãî ðåøåíèÿ çàäà÷è âíóòðåííåãî àñèìïòîòè÷åñêîãî
ðàçëîæåíèÿ
Äëÿ ðåøåíèÿ çàäà÷è (10), (11), (20) íåîáõîäèìî îïðåäåëèòü ôóíêöèþ  = (W ) ,
ðåàëèçóþùåé êîíôîðìíîå îòîáðàæåíèå ïëîñêîñòè ïåðåìåííîãî  = t+ i íà ïëîñ-
êîñòü ïåðåìåííîãî W =  hi;0 + i . Ïîñëå ýòîãî îñòàåòñÿ òîëüêî âîññòàíîâèòü
ôóíêöèþ hi;0(x; y) . Ñ.À. Õðèñòèàíîâè÷åì è Ô. Ýíãåëóíäîì [40-42,57] áûëî ïîëó÷å-
íî äèôôåðåíöèàëüíîå ñîîòíîøåíèå, ñâÿçûâàþùåå ôèçè÷åñêóþ ïëîñêîñòü z = x+iy
ñ ïëîñêîñòüþ W
dx =   cos 
(J)
dhi;0   sin 
J
d ; dy =   sin 
(J)
dhi;0 +
cos 
J
d :
Ñ ó÷åòîì âûðàæåíèé (24), (31), ýòî ñîîòíîøåíèå ìîæíî ïåðåïèñàòü â òåðìèíàõ
(; t) :
dx =   cos  sinh t dhi;0   sin  cosh t d ; dy =   sin  sinh t dhi;0 + cos  cosh t d :
(35)
Èçâåñòíàÿ çàâèñèìîñòü  = (W ) , ò.å. ôàêòè÷åñêè èçâåñòíûé âèä ôóíêöèé
t = t(hi;0;  ) ,  = (hi;0;  ) , ïîçâîëÿåò ïðîèíòåãðèðîâàòü ñîîòíîøåíèå (35) âäîëü
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Ðèñ. 2. a) Ïëîñêîñòü ãîäîãðàôà äëÿ âîëîêíà ñ ïðîèçâîëüíûì ïðîôèëåì ïîïåðå÷íîãî
ñå÷åíèÿ â ñëó÷àå ïîëíîãî ñìà÷èâàíèÿ  = 0 è íàëè÷èÿ ñèììåòðèè îòíîñèòåëüíî îñè x .
b) Ïîëóïîëîñà ABCA â ïëîñêîñòè W , îòâå÷àþùàÿ ìåíèñêó íà âîëîêíå êðóãëîãî
ñå÷åíèÿ. Åñëè ïðîôèëü âîëîêíà îòëè÷àåòñÿ îò êðóãîâîãî, ïðÿìîëèíåéíûé îòðåçîê BC
äåôîðìèðóåòñÿ â êðèâóþ ëèíèþ BC (ïóíêòèðíàÿ ëèíèÿ)
ëþáîé ëèíèè ïëîñêîñòè W . Â ÷àñòíîñòè ìîæíî â ïàðàìåòðè÷åñêîé ôîðìå x =
x( ; hi;0) , y = y( ; hi;0) íàéòè óðàâíåíèå ëþáîé ëèíèé óðîâíÿ hi;0 = const .
Ïëîñêîñòü ãîäîãðàôà. Â ñëó÷àå ïîëíîãî ñìà÷èâàíèÿ âîëîêíà ( = 0) èç óñëîâèÿ
(26) ñëåäóåò, ÷òî íà ãðàíèöå   : J = 1 è âåêòîð ïîòîêà J íàïðàâëåí ïî íîðìàëè ê
ãðàíèöå   . Ïðèíèìàÿ âî âíèìàíèå ôîðìóëó (31), áóäåì èìåòü
  : t = 0: (36)
Íà ó÷àñòêå ãðàíèöû CA óãîë  ðàâåí íóëþ,  = 0 , à íà ó÷àñòêå BA èìååì  =
 , ñì. ðèñ. 1b) . Íà ãðàíèöå âîëîêíà óãîë  ìåíÿåòñÿ îò 0 äî  ïî ìåðå ïðîäâèæåíèÿ
îò òî÷êè C ê òî÷êå B . Â îêðåñòíîñòè òî÷êè A 2 AC óðîâåíü æèäêîñòè hi;0 è åå
ãðàäèåíò óäîâëåòâîðÿþò óñëîâèÿì (3.6a) , (3.6b) , â êîòîðûõ ñëåäóåò âçÿòü  = 0 :
y = 0; x ! 1 : hi;0(x; y) =   l
2
ln

xeE
p
"
2

+O
 
x 1

; (37)
y = 0; x ! 1 : jrhi;0j = l
2x
+O
 
x 2

: (38)
Òàêèì îáðàçîì, â òî÷êå A èìååì jrhi;0j ! 0 è, ñîãëàñíî ôîðìóëàì (23), (31),
J ! 0 è t ! 1 . Ñóììèðóÿ âûøåñêàçàííîå îòíîñèòåëüíî ïîâåäåíèÿ ïåðåìåííûõ
 è t íà ãðàíèöàõ îáëàñòè ABCA â ôèçè÷åñêîé ïëîñêîñòè (âåðõíÿÿ ïîëîâèíà
îáëàñòè 
) , ñì. ðèñ. 1b) , ìîæíî ïðèéòè ê âûâîäó, ÷òî îáëàñòè ABCA â ïëîñêîñòè
ãîäîãðàôà  îòâå÷àåò ïîëóïîëîñà, èçîáðàæåííàÿ íà ðèñ. 2a) .
Ïîä÷åðêíåì, ÷òî â ñëó÷àå ïîëíîãî ñìà÷èâàíèÿ  = 0 ãîäîãðàô èìååò òàêîé âèä
ïîëóïîëîñû  äëÿ ïðîèçâîëüíîãî ïðîôèëÿ âîëîêíà. Åäèíñòâåííîå îãðàíè÷åíèå,
êîòîðîå çäåñü áûëî ââåäåíî, ýòî íàëè÷èè ñèììåòðèè ïðîôèëÿ îòíîñèòåëüíî îñè x .
Äàëåå íåîáõîäèìî çàäàòñÿ êîíêðåòíûì ïðîôèëåì âîëîêíà è ðåøèòü çàäà÷ó äëÿ
êîìïëåêñíîãî ïîòåíöèàëà W . Â ñëó÷àå êðóãîâîãî ïðîôèëÿ âîëîêíà âûñîòà êîí-
òàêòíîé ëèíèè ïîñòîÿííà, à ãðàíèöàì CA è BA îòâå÷àþò ëèíèè òîêà ( = const)
ôèêòèâíîãî ïîòîêà J . Ñëåäîâàòåëüíî îáëàñòè ABCA â ïëîñêîñòè ãîäîãðàôà W
áóäåò îòâå÷àòü ïîëóïîëîñà, èçîáðàæåííàÿ íà ðèñ. 2b) . Â îáùåì ñëó÷àå, êîãäà ïðî-
ôèëü âîëîêíà îòëè÷åí îò êðóãîâîãî, âûñîòà êîíòàêòíîé ëèíèè, âîîáùå ãîâîðÿ,
íåïîñòîÿííà è äîëæíà áûòü íàéäåíà, êàê ÷àñòü ðåøåíèÿ çàäà÷è. Â òî æå âðåìÿ
ãðàíèöû CA è BA îñòàþòñÿ ëèíèÿìè òîêà. Ñëåäîâàòåëüíî, ôóíêöèÿ hi;0(t; ) , êàê
ðåøåíèå óðàâíåíèÿ Ëàïëàñà (33), â ïëîñêîñòè  ìîæåò áûòü ïðåäñòàâëåíà â âèäå
ðÿäà Ôóðüå, ñïåêòðàëüíûå ôóíêöèè êîòîðîãî îïðåäåëÿþòñÿ ãðàíè÷íûìè óñëîâè-
ÿìè íà ó÷àñòêàõ CA è BA . Îãðàíè÷èâàÿñü ïåðâûìè íåñêîëüêèìè ÷ëåíàìè ýòîãî
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ðÿäà, ìîæíî ïîëó÷èòü íåêîòîðûå òî÷íûå ðåøåíèÿ çàäà÷è. Òàêèì îáðàçîì, ïðåä-
ëàãàåòñÿ ïîëóîáðàòíûé ìåòîä êîíñòðóèðîâàíèÿ íåòðèâèàëüíûõ òî÷íûõ ðåøåíèé:
áóäåì çàäàâàòüñÿ ÷àñòíûì âèäîì ôóíêöèè W () èç îïðåäåëåííîãî íàáîðà ôóíê-
öèé è çàòåì âîññòàíàâëèâàòü ñîîòâåòñòâóþùèå ýòîìó âèäó ôîðìó ìåíèñêà è ôîðìó
ïðîôèëÿ âîëîêíà.
Òî÷íîå ðåøåíèå äëÿ âîëîêíà ñ îâàëüíûì ïðîôèëåì ïîïåðå÷íîãî ñå÷åíèÿ. Ýô-
ôåêòèâíîñòü òàêîãî ìåòîäà ïðîèëëþñòðèðóåì èñïîëüçîâàíèåì äëÿ ôóíêöèè W ()
îáðåçàííîãî ðÿäà Ôóðüå ñëåäóþùåãî âèäà
W () =  h0 + l
2
+ a
 
e 2   1 ; (39)
ïàðàìåòðèçîâàííîãî ââåäåíèåì êîíñòàíò a è h0 . Êîãäà a  0 , îòîáðàæåíèå

 ! 
W ïåðåâîäèò ïîëóïîëîñó 
 ïëîñêîñòè  â ïîëóïîëîñó 
W0 øèðèíîé
l/2 ïëîñêîñòè W , ÷òî îòâå÷àåò ñëó÷àþ êðóãîâîãî ïðîôèëÿ âîëîêíà. Ââåäåíèå
ïîñëåäíåãî ñëàãàåìîãî â ôîðìóëó (39) äåôîðìèðóåò ãðàíèöó BC ïîëóïîëîñû â
ïëîñêîñòè W , êàê ñõåìàòè÷åñêè ïðåäñòàâëåíî íà ðèñ. 2b) .
Óäîáíî ââåñòè ñåòêó ëèíèé t = tj , j = 1; :::; N â ïëîñêîñòè 
 j :  = tj + i;  2 [0; ]: (40)
Îáðàçû ýòèõ ëèíèé â ôèçè÷åñêîé ïëîñêîñòè
x = xj(); y = yj(); z = hj() (41)
ìîæíî âçÿòü â êà÷åñòâå îáðàçóþùèõ ïîâåðõíîñòü ìåíèñêà hi;0(x; y) . Âèä ôóíêöèé
hj() íàéäåì âûäåëåíèåì â âûðàæåíèè (39) âåùåñòâåííîé ÷àñòü ôóíêöèè W
hj() = h0   l
2
tj   a
 
e 2tj cos 2   1 : (42)
à âèä ôóíêöèé xj() , yj()  èíòåãðèðîâàíèåì äèôôåðåíöèàëüíûõ ñîîòíîøåíèé
(35)
xj() =
l
2 cosh tj cos  + a

e tj cos    e 3tj3 cos 3

;
yj() =
l
2 cosh tj sin    a

e tj sin  + e
 3tj
3 sin 3

:
(43)
Ôîðìà ïðîôèëÿ âîëîêíà è êîíòàêòíîé ëèíèè. Ïîëàãàÿ tj = 0 â âûðàæåíèÿõ
(43), ìîæíî íàéòè ôîðìó ïðîôèëÿ âîëîêíà   â ôèçè÷åñêîé ïëîñêîñòè
x () =

l
2
+ a

cos    a
3
cos 3; y () =

l
2
  a

sin    a
3
sin 3: (44)
Äîïîëíÿÿ ýòè ôîðìóëû âûðàæåíèåì (42) ïðè tj = 0 ìîæíî ïîëó÷èòü óðàâíåíèå
êîíòàêòíîé ëèíèè  c
h () = h0   a (cos 2   1) (45)
Ïàðàìåòð h0 , íåïîñðåäñòâåííî îïðåäåëÿþùèé âûñîòó ìåíèñêà â òî÷êå C , ïîêà
åùå íå îïðåäåëåí. ×òîáû íàéòè åãî, âîñïîëüçóåìñÿ ôîðìóëîé (39) ïðåäñòàâëåíèÿ
ôóíêöèè W () , â êîòîðîé ïðèìåì  = t! +1
 = t! +1 : hi;0 =  

l
2

t+ (h0 + a)  ae 2t: (46)
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Ñ äðóãîé ñòîðîíû èç ôîðìóë (24), (31) ïðè t ! +1 âûòåêàåò ñîîòíîøåíèå
jrhi;0 j  J = 1/sinh t . Ïîäñòàâëÿÿ åãî â ôîðìóëó (4.2b) , ïîëó÷èì åùå îäíó ôîðìó
çàïèñè ãðàíè÷íîãî óñëîâèÿ âáëèçè òî÷êè A 2 AC
y = 0; x ! 1 : sinh t  2x
l
+O(1): (47)
Ðàçðåøàÿ åãî, êàê óðàâíåíèå îòíîñèòåëüíî x , ïîëó÷èì àñèìïòîòè÷åñêóþ îöåí-
êó ïîâåäåíèÿ ôóíêöèè x(t; ) âáëèçè òî÷êè A 2 AC
 = t! +1 : x = l
4
e t +O(1);
Ïîäñòàíîâêà åå â óñëîâèå (4.2a) äàåò
 = t! +1 : hi;0 =  

l
2

t  l
2
ln

leE
p
"
8

+O
 
e t

: (48)
Ñðàâíèâàÿ âûðàæåíèÿ (46) è (48), ëåãêî óñòàíîâèòü âåëè÷èíó ïàðàìåòðà h0
h0 =
l
2
ln

8
leE
p
"

  a: (49)
Ñâÿçü ìåæäó âñïîìîãàòåëüíûìè è ôèçè÷åñêèìè ïàðàìåòðàìè çàäà÷è. Ïàðà-
ìåòðè÷åñêèå óðàâíåíèÿ ïðîôèëÿ âîëîêíà è êîíòàêòíîé ëèíèè (44), (45) çàâèñÿò
îò äâóõ âñïîìîãàòåëüíûõ ïàðàìåòðà a è l . Ïîñêîëüêó â êà÷åñòâå õàðàêòåðíîãî
ðàçìåðà îáëàñòè áûëà âûáðàíà âåëè÷èíà Lm =
p
A/ , ñì. ââåäåíèå, áåçðàçìåð-
íàÿ ïëîùàäü ïîïåðå÷íîãî ñå÷åíèÿ âîëîêíà äîëæíà áûòü ðàâíà  . Ñëåäîâàòåëüíî,
èìååò ìåñòî ñîîòíîøåíèå

2
=
Z
0
y ()

  dx 
d

d:
Âû÷èñëÿÿ èíòåãðàë â åãî ïðàâîé ÷àñòè, ïîëó÷èì ñîîòíîøåíèå, ñâÿçûâàþùåå
ïàðàìåòðû a è l
l2
42
  1 = 2
3
a2 , a = 
s
3
2

l2
42
  1

: (50)
Èç ãåîìåòðè÷åñêèõ ñâîéñòâ êðóãà ñëåäóåò îãðàíè÷åíèå íà ïåðèìåòð ïðîôèëÿ
âîëîêíà, èìåþùåãî ïëîùàäü  : åãî ïåðèìåòð l íå ìîæåò áûòü ìåíüøå ïåðèìåòðà
åäèíè÷íîãî êðóãà
l  2: (51)
Â ÷àñòíîñòè, äëÿ åäèíè÷íîãî êðóãà èìååò ìåñòî ðàâåíñòâî l = 2 , èç êîòîðîãî
ïðè ó÷åòå ñîîòíîøåíèÿ (50) ñëåäóåò, ÷òî a = 0 .
Àíàëèç âûðàæåíèÿ (39) ñ ó÷åòîì (50) ïîêàçûâàåò, ÷òî îòîáðàæåíèå W () îñòà-
åòñÿ êîíôîðìíûì â îáëàñòè 
 òîëüêî â ñëó÷àå âûïîëíåíèÿ îãðàíè÷åíèÿ
jaj  a = l
4
: (52)
Â ñëó÷àå äîñòèæåíèÿ ãðàíèö íåðàâåíñòâà (52), a = a , íà ãðàíèöå   îáëàñòè

 âîçíèêàþò ñèíãóëÿðíîñòè
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  :
dW
d

=0; 
= 0 a = a;   :
dW
d

=/2
= 0 a =   a:
íî îòîáðàæåíèå W () åùå îñòàåòñÿ êîíôîðìíûì âíóòðè îáëàñòè 
 .
Êîãäà ìîäóëü jaj ïðåâûøàåò âåëè÷èíó a , ôóíêöèÿ W () ñòàíîâèòñÿ íåîäíî-
ëèñòíîé. Ñîîòâåòñòâåííî, ìåíèñêó áóäåò îòâå÷àòü ïîâåðõíîñòü ñ òî÷êàìè ñàìîïå-
ðåñå÷åíèÿ, ÷òî ëèøåíî ôèçè÷åñêîãî ñìûñëà. Ïîñêîëüêó ïàðàìåòðû a è l ñâÿçàíû
ñîîòíîøåíèåì (50), íåðàâåíñòâà (52) è (51) ïðèâîäÿò ê òàêèì îãðàíè÷åíèÿì íà l :
2  l  l = 2
p
6/5:
Òåì ñàìûì óñòàíîâëåí èíòåðâàë äîïóñòèìûõ çíà÷åíèé ïåðèìåòðà l äëÿ ìíî-
æåñòâà ïðîôèëåé âîëîêíà, îòâå÷àþùèõ ïàðàìåòðèçîâàííîìó âèäó ôóíêöèè W ()
(39).
Íàêîíåö, èìåÿ ïàðàìåòðè÷åñêèå óðàâíåíèÿ (42), (43) ìåíèñêà hi;0(x; y) , îòâå-
÷àþùåãî âíóòðåííåìó àñèìïòîòè÷åñêîìó ðàçëîæåíèþ, è èñïîëüçóÿ ôîðìóëó (21),
ìîæíî âîññòàíîâèòü ìåíèñê hu;0(x; y) , îòâå÷àþùèé àñèìïòîòè÷åñêîìó ðàçëîæå-
íèþ, ðàâíîìåðíî ïðèáëèæàþùåìó ðåøåíèå çàäà÷è (5)  (7) âî âñåé ôèçè÷åñêîé
ïëîñêîñòè
hu;0j () =
l
2

ln

4
l

  tj +K0
 
rj()
p
"

+ ln rj()

  a  e 2tj cos 2   1 ;
ãäå rj() = [x
2
j () + y
2
j ()]
1/2 .
Êîíêðåòíûå ïðèìåðû. Ðàññìîòðèì äâà ïðåäñòàâèòåëüíûõ ïðèìåðà ìåíèñêîâ,
ôîðìèðóþùèõñÿ íà âîëîêíàõ ñ îâàëüíûì ïðîôèëåì ïîïåðå÷íîãî ñå÷åíèÿ, êîòîðûé
îòâå÷àåò âûðàæåíèþ (44) ïðè l = 6:5 , ðèñ. 3, è l = l  6:8829 , ðèñ. 4. Â ïåðâîì
ñëó÷àå l < l è êðèâèçíà ïðîôèëÿ âîëîêíà âñþäó êîíå÷íà, âî âòîðîì ñëó÷àå l = l
è êðèâèçíà ïðîôèëÿ îáðàùàåòñÿ â áåñêîíå÷íîñòü â òî÷êàõ B è C .
Ýòè äâà ïðèìåðà äåìîíñòðèðóþò ñóùåñòâåííî ðàçëè÷íîå ïîâåäåíèå êîíòàêò-
íîé ëèíèè íà ãëàäêèõ ïðîôèëÿõ âîëîêíà. Êîãäà êðèâèçíà ïðîôèëÿ âîëîêíà â òî÷-
êàõ C è B êîíå÷íà, êîíòàêòíàÿ ëèíèÿ îñòàåòñÿ âñþäó ãëàäêîé. Êîãäà êðèâèçíà â
ýòèõ òî÷êàõ îáðàùàåòñÿ â áåñêîíå÷íîñòü, íà êîíòàêòíîé ëèíèè ôîðìèðóåòñÿ îñî-
áåííîñòü òèïà òî÷êè âîçâðàòà. Òàêèì îáðàçîì, ñèíãóëÿðíîñòè êîíòàêòíîé ëèíèè
ìîãóò îáðàçîâàòüñÿ íå òîëüêî íà òî÷êàõ èçëîìà ïðîôèëÿ âîëîêíà, íî è íà ãëàäêîì
ïðîôèëå âîëîêíà, åñëè ïîñëåäíèé èìååò òî÷êè ñ áåñêîíå÷íîé êðèâèçíîé.
5. Çàêëþ÷åíèå. Âî ìíîãèõ ïðàêòè÷åñêèõ ñëó÷àÿõ õàðàêòåð âçàèìîäåéñòâèÿ
ìåæäó âîëîêíîì è æèäêîñòüþ èçó÷àåòñÿ ïî ôîðìå êîíòàêòíîé ëèíèè è ìåíèñêà
â öåëîì, ïðè÷åì ïðîôèëè âîëîêíà ìîãóò áûòü ñàìûìè ðàçíîîáðàçíûìè. Òî÷íûå
àíàëèòè÷åñêèå ðåøåíèÿ èìåþòñÿ òîëüêî äëÿ âîëîêíà ïëîñêîé è öèëèíäðè÷åñêîé
ôîðìû. Íåñìîòðÿ íà ðàçâèòèå çà ïîñëåäíèå ãîäû ÷èñëåííûõ ìåòîäîâ ðåøåíèÿ çà-
äà÷è, êðèòåðèè ôîðìèðîâàíèÿ ñèíãóëÿðíîñòè íà êîíòàêòíûõ ëèíèÿõ ìåíèñêîâ,
ôîðìèðóþùèõñÿ âîêðóã òîíêèõ âîëîêîí ñî ñëîæíûì ïðîôèëåì ïîïåðå÷íîãî ñå÷å-
íèÿ îñòàþòñÿ íåèçâåñòíûìè è àêòèâíî îáñóæäàþòñÿ â ëèòåðàòóðå.
Â äàííîé ðàáîòå ñôîðìóëèðîâàíà àñèìïòîòè÷åñêàÿ ïîñòàíîâêà çàäà÷è êàïèë-
ëÿðíîãî ïîäúåìà æèäêîñòè íà òîíêîì âîëîêíå, êîãäà ãðàâèòàöèîííûå ñèëû, äåé-
ñòâóþùèå íà æèäêîñòü, îêàçûâàþòñÿ ìàëû ïî ñðàâíåíèþ ñ êàïèëëÿðíûìè ñèëàìè,
èãðàþùèìè îñíîâíóþ ðîëü â ôîðìèðîâàíèè ìåíèñêà. Ñ èñïîëüçîâàíèåì ìåòîäà
ñðàùèâàíèÿ àñèìïòîòè÷åñêèõ ðàçëîæåíèé ýòà íåëèíåéíàÿ çàäà÷à ñâåäåíà ê çàäà-
÷å îïðåäåëåíèÿ ìèíèìàëüíîé ïîâåðõíîñòè (10) ñî ñïåöèôè÷åñêèìè ãðàíè÷íûìè
óñëîâèÿìè (11), (20).
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Ðèñ. 3. a) Ïðîôèëü âîëîêíà, îòâå÷àþùèé âûðàæåíèÿì (44) ïðè l = 6:5 , ÷èñëî Áîíäà
" = 0:01 . Ïðîôèëü áëèçîê ê ýëëèïñó x2=2 + y2=2 = 1 ñ ïîëóîñÿìè  = 1:2508 è
 = 0:8182 , ñì. øòðèõîâóþ ëèíèþ; b) (z; y) -ïðîôèëü êîíòàêòíîé ëèíèè; c)
(x; z) -ïðîôèëü êîíòàêòíîé ëèíèè; d) 3D ôîðìà ìåíèñêà hu;0(x; y) . Âîëîêíî íå
íàðèñîâàíî
Ïðåäëîæåííàÿ ïîñòàíîâêà ïîçâîëÿåò èíòåðïðåòèðîâàòü çàäà÷ó îïðåäåëåíèÿ ìè-
íèìàëüíîé ïîâåðõíîñòè êàê ïðîáëåìó ôèëüòðàöèè àíîìàëüíî âÿçêîé æèäêîñòè â
ïîðèñòîé ñðåäå. Ýôôåêòèâíûì îêàçûâàåòñÿ ïðåîáðàçîâàíèå ×àïëûãèíà ê ïåðåìåí-
íûì ãîäîãðàôà ñêîðîñòè. Òàêîé ïîäõîä ïîçâîëÿåò ïîäêëþ÷èòü ìîùíûé àðñåíàë
ìåòîäîâ äèíàìèêè æèäêîñòè ê ðåøåíèþ çàäà÷ êàïèëëÿðíîãî ïîäúåìà æèäêîñòè
íà òîíêèõ âîëîêíàõ. Â ÷àñòíîñòè, èñïîëüçóÿ ìåòîä ãîäîãðàôà ñêîðîñòè, ïîñòðîåíî
òî÷íîå ðåøåíèå çàäà÷è â àñèìïòîòè÷åñêîé ïîñòàíîâêå â ñëó÷àå ïîëíîãî ñìà÷èâàíèÿ
æèäêîñòüþ ìàòåðèàëà âîëîêíà è îâàëüíîãî ïðîôèëÿ ïîïåðå÷íîãî ñå÷åíèÿ âîëîêíà
(44). Ïîêàçàíî, ÷òî ôîðìà êîíòàêòíîé ëèíèè î÷åíü ÷óâñòâèòåëüíà ê èçìåíåíèÿì
ôîðìû ïðîôèëÿ âîëîêíà è ñèíãóëÿðíîñòè êîíòàêòíîé ëèíèè ìîãóò âîçíèêíóòü
äàæå íà òàêîì ãëàäêîì îâàëüíîì ïðîôèëå.
Ðàáîòà ïîääåðæàíà ãðàíòàìè Ðîññèéñêîãî Ôîíäà Ôóíäàìåíòàëüíûõ Èññëåäî-
âàíèé,  12-01-00996 è 13-01-00368 (Ì.Ì.À.) è National Science Foundation,  PoLS
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Ðèñ. 4. a) Ïðîôèëü âîëîêíà, îòâå÷àþùèé âûðàæåíèÿì (44) ïðè l = l , ÷èñëî Áîíäà
" = 0:01 ; b) (z; y) - ïðîôèëü êîíòàêòíîé ëèíèè; c) (x; z) - ïðîôèëü êîíòàêòíîé ëèíèè;
d) 3D ôîðìà ìåíèñêà hu;0(x; y) . Âîëîêíî íå íàðèñîâàíî
1305338 (Ê.Ã.Ê.).
Summary
M.M. Alimov, K.G. Kornev Asymptotic analysis of the capillary rise of a meniscus
on the thin ber with complex shaped prole
Using the method of matched asymptotic expansions, the problem of the capillary rise of a
meniscus on the thin ber with complex shaped prole was reduced to a nonlinear problem of
determination of a minimal surface. This surface has to satisfy a special boundary condition at
innity. The proposed formulation allows one to interpret the meniscus problem as a problem
of ow of a ctitious non-Newtonian uid through a porous medium. As an example, the shape
of a meniscus on a ber of an oval cross-section was analyzed employing Chaplygin's hodograph
transformation. It was discovered that the contact line may form singularities even if the ber
has a smooth prole: this statement was illustrated with an oval ber prole having innite
curvature at two end points.
It is well known that free boundary problem for the bubble steady motion in a Hele-Shaw
cell is nonregular in the limit of zero surface tension. Trough this nonregularity a degeneracy
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of the solution appear: for a given area of the bubble P.G. Saman and G.I. Taylor found
a family of exact solutions. S. Tanweer showed that the solution degeneracy removed by the
eect of surface tension but he gave no clear explanation for it's reasons. In addition S. Tanweer
found several branches of the bubble solution. In order to nd all solution branches we dene
a modied Hele-Shaw problem similarly to J.-M. Vanden-Broeck's approach to the problem
for nger steady motion. Numerical solution of this modied problem was found. The unique
solution was obtained for a given area of the bubble. This solution coincide with main branch of
S. Tanweer solution. No other solution branches was found. Explanation for this disagreement is
that S. Tanweer found solutions which might include the nonunivalent physical plane while we
nd only univalent solutions. In addition we give clear explanation for reasons of the degeneracy
removal when surface tension is introduced. In the physical plane the ow domain has two
characteristic points at innity on the left and at innity on the right where domain width
value is assigned. Both these values have to dene by single integration of the main boundary
equation. Taking into account one constant of integration two conditions can not be satised
because the bubble contour shape has no fore and aft symmetry. Thus a solvability condition
appear.
Key words: capillary rise, minimal surfaces, matched asymptotic, hodograph
transformation, complex variables.
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